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Abstract. According to the work of Dennis Sullivan, there exists a smooth flow on the 5-sphere 
all of whose orbits are periodic although there is no uniform bound on their periods. The question 
addressed in this article is whether these type of examples can occur in the partially hyperbolic 
context. That is, if does there exist a partially hyperbolic diffeomorphism of a compact manifold 
such that all the leaves of its center foliation are compact but there is no uniform bound for their 
volumes. We develop some tools to attack the previous question and show that it has negative 
answer provided that (a) all periodic leaves have finite holonomy, or (b) the center foliation is 
one dimensional and and the center stable and center unstable manifolds containing a periodic 
leaf have cyclic fundamental group, or (c) when the partially hyperbolic diffeomorphism and its 
inverse are Lyapunov stable. 



1. Introduction 

Partially hyperbolic difFeomorpliisms arc a natural generalization of the well know hyperbolic 
systems, where besides the expanding and contracting directions one allows some center directions 
with some domination relation with respect the expanding and contracting ones. The presence 
of these center directions permits a very general type of structure, which makes the study of 
partial hyperbolic systems considerably harder than the study of its hyperbolic counterpart. Due 
to this generality however, partial hyperbolic systems appear naturally in different branches of 
mathematics, which together with the beauty of their complexity makes their study one of the 
most active research areas in dynamical systems today. Wc now give the definition. 

Definition 1. Let M be a closed compact manifold. A diffeomorphism / : M — M is partially 
hyperbolic if there exists a continuous splitting of the tangent bundle into a Whitney sum of the 
form 

where all bundles are d/- invariant, the bundles and E" have positive dimension, and a Rie- 
mannian metric ||-|| on M with the properties: 

(1) For all X G M, for all unit vectors v'^ e E^. {a = s, u, c) 

\\dj{v^)\\<\\dj{v^)\\<\\d,f{vn\\. 

(2) max^gMllMx/l-E^II} < A < 1 < /X = XD:m^^M{m{d^f\E'')}. 

Recall that for a matrix A its conorm is m{A) := mi{\\Av\\ : \\v\\ = 1}. The bundles E'^ 
are the stable, unstable and center bundle respectively. We also define the bundles E'"'' — E'^ (B E^ 
and E'^'" = E'^ (B E'^, the center stable and center unstable bundles. The case when = {0} 
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corresponds to / being completely hyperbolic (also called an Anosov system). The set of partially 
hyperbolic maps on a manifold M is open in Diff^{M). See Theorem 2.15 in |HPS77| . 

Remark 1 . Even though our definition of partial hyperbolicity seems more restrictive to others in the 
literature (compare jHPS77| and |Pes04| ). it is equivalent in virtue of the results of N. Gourmelon 
[Gou07| ■ The degree of differentiability of the map / is an important issue when studying its 
properties (in particular its metric properties). However here we only need to assume that / is of 
class C^, and we will keep this assumption for the rest of the article. 

We refer the reader to [Pes04j and |HHU07| for a more throughout introduction to partial hy- 
perbolicity, and for the discussion of various examples. 

Denote by ~ (—1, 1)*^. To continue the discussion, we recall the concept of foliation and state 
the important Stable Manifold Theorem. 

Definition 2. Let M be a m dimensional manifold. A partition = {L^y^^M of a manifold M is 
called a C'* foliation of codimension q if there exist and open covering U = {U} of M and a family 
of continuous functions {ipu : (—1, 1)"? — > Emb'^{{—1, 1)^, M)}ij with the following properties: 

(1) Each atom of is a p = m — g dimensional immersed submanifold of M of class C, 
which contains x. The atoms are called the leaves of the foliation. The intersection of a 
leaf Lx with a set U £ 14 that contains x is called a p/agw^ through x and is denoted by 
P.- 

(2) li X E U then there exist unique a E I'' ,h E I'p such that 4'u{0'){b) — x, and furthermore 
I'm{(j)u{a)) = P^. 

(3) If ?7 n J7' 7^ 0, consider the map <i)jj ,u : ^ 1^ defined by 

x = 4>u{am - Vi/(a')(fe') ^ 4>U'.u{b) - b' . 
Then (f>u',u is of class C^. 
The number s is the transverse regularity of the foliation. If s > 1 the foliation is said to be 
differentiable. The sets U are called foliation boxes. 

This definition is equivalent to the one given by means of foliation charts, as presented for 
example in jCCOO) . Sometimes C'^ foliations are also called laminations in the literature. Compare 
Section 5 in f HPS77) and Section 4 in |Pes04| . 

For a foliation T on M let TT denote the bundle 

xeM 

Definition 3. A bundle E on M is integrable if there exist a foliation F on AI such that E = TF. 

Ttieorem 1.1 (Stable Manifold Theorem). If f E Diff^{M) is partially hyperbolic then the bundles 
E^E""' are integrable to C'" foliations W ^ {PF"(a;)}, = {W"{x)} resp. called the stable and 
the unstable foliations. The leaves of these foliations are homeomorphic to Euclidean spaces of the 
corresponding dimension. 

See [HPS77| . Theorem 4.1. We point out that the foliations W,H"* are seldom differentiable 
( |Ano67| . pag. 201). Their transverse regularity is Holder in general |PSW97| . The integrability of 
the center bundle i?^, on the other hand, cannot be always guaranteed as the example in [Sma67j 



Note that the concept of plaque depends in principle of W. 
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shows (see also [HHUp . Establishing necessary and sufficient conditions that guarantee this prop- 
erty remains one of most important problems in the area. Some partial results in this matter can 
be found in |HHU08| . |BW08j and |BW05| . Let us also point out also that for the majority of the 
known examples the center bundle is integrable. 

A less studied type of question is the following: assume that the center bundle integrates to an 
invariant foliation W^. What type of geometrical and topological properties does have? Do 
these geometrical and topological properties lead to dynamical properties? These types of questions 
are the ones addressed in this article. We discuss the case where is a compact foliation, meaning 
that all leaves of are compact. The prototypical example in this situation is the well known 
(and extensively researchecQ class of skew products and their perturbations. In those cases the 
structure of the center foliation is simple: it is a trivial fibration by compact leaves. One is led 
to ask about the similarities and differences of a general partial hyperbolic system with compact 
center foliation with respect to skew products, and in particular whether the center foliation has a 
simple form. 

As will be explained in section 2, for a compact foliation on a compact manifold the most 
important property is the existence a uniform upper bound for the Riemannian volume of the 
leaves. 

Definition 4. A compact foliation on a compact Riemannian manifold M is called uniformly 
compact if the function vol : M — >■ M_|_ which assigns to each point x the Riemannian volume of the 
submanifold C M is uniformly bounded from above, i.e. 

sup{vol{L) : L leaf of < oo 

The striking counterexample of D. Sullivan |Sul76j shows that not every compact foliation is 
uniformly compact. If the foliation is uniformly compact then its local structure is simple (See 
|Eps76| and Section 2), and this permits some hope for classifying them. On the other hand, it 
is known that for non uniformly compact foliations the geometrical possibilities are very intricate. 
See |Vog77| . 

We now state our main theorems. We will work with the natural class of dynamically coherent 
diffeomorphisms . 

Definition 5. A partially hyperbolic diffeomorphism is dynamically coherent if the bundles E"^, E'^'^ 
and i?™ are integrable to /-invariant C^'" foliations W^, W"^*^, W*^" satisfying 

The foliations VV^, W"^" are the center stable and center unstable foliations resp. If / is dynami- 
cally coherent and L E W we denote by L'^" , L"^" the center stable and center unstable leaves where 
it is contained (i.e. L = L'^^ n L™). We point out that all known examples where the bundle E'^ 
is integrable are dynamically coherent. See |PS97j . |BW08j and compare jUlll.i . 

Theorem A. Let f be a dynamically coherent partially hyperbolic diffeomorphism whose center 
foliation W is compact. Suppose that every f -periodic center leaf L has neighbourhoods Aj^ C 
L'^'',Bl C L'^" so that voI\Al,voI\Bl are bounded from above. Then is uniformly compact. 

If L G consider the sets 

W'{L) = y W'ix). 



^For more information on skew products see for example: IAKS96I . |BW99| . |BW05I . |Bri75l , |FP99| and |SWOO| . 
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It follows by definition that for a given center leaf L the submanifolds M^^(i) and 14^" (L) are 
saturated by the corresponding strong foliation (either W or W"). The condition of being saturated 
by the center foliation however, is much more subtle. 

Definition 6. The submanifolds W'^{L) and W'^{L) are said to be complete if they are saturated 
by the center foliation. The center foliation is complete if for every center leaf L the submanifolds 
W^{L) and W"{L) are complete. 

In Section 6 we will discuss the concept of completeness of the center foliation and its relation 
with uniform compactness. In particular we will prove: 

Theorem B. Let f be a partially hyperbolic diffeomorphism with compact center foliation and 
assume that for every f -periodic center leaf L the submanifolds W''^{L) and W"{L) are complete. 
Then is uniformly compact. 

In section 7 we will study one dimensional compact center foliations, and we will investigate the 
structure on center stable and center unstable leaves corresponding /-periodic leaves. This study 
will allow us to deduce the following. 

Theorem C. Let f be a partially hyperbolic diffeomorphism with one dimensional compact center 
foliation W"^. Assume that for every f -periodic center leaf L the fundamental groups of L'^'^ , L'^'^ 
are cyclic. Then is uniformly compact. 

We denote by len the Riemannian length of a rectifiable curve. 

Definition 7. A partially hyperbolic diffeomorphism f : M ^ M is called Lyapunov stable (in 
the center direction) if given e > there exists 5 > Q such that for every curve a tangent to E'^ 
such that len{a) < 5 \i holds 

Vn > 0, lenifa) < e. 

It is a result of F. Rodriguez-Hertz, J. Rodriguez-Hertz and R. Ures (Corollary 7.6 in jHHU07) : 
see also Thmeorem 7.5 in [HPS77]) that if / and f~^ are Lyapunov stable then the bundles E'^", 
are integrable. If moreover the bundle E'^ is assumed to integrate to an invariant foliation then / 
is dynamically coherent. 

Theorem D. Let f : M ^ M be partially hyperbolic diffeomorphism with invariant compact center 
foliation and such that f and f^^ are Lyapunov stable. Then is uniformly compact. 

The organization of the rest of this article is as follows. In the second section we will go over 
some preliminaries about compact foliations. We continue in the third section with a discussion 
of sets consisting of leaves where the volume is not locally bounded {bad sets). The fourth section 
is is devoted to careful analysis of the holonomy of the center foliation, and in particular of the 
holonomy of periodic center leaves. We use these results in the fifth section to give a proof of 
Theorem A. In the sixth section we explore the geometric concept of completeness and we relate it 
with uniform compactness, and we prove Theorem B. Later in the seventh and eighth sections we 
use the developed machinery to prove Theorems C and D. We conclude with a section discussing 
some consequences of uniform compactness for a center foliation, and we include an Appendix with 
the proof of Reeb's Stability Theorem for the type of foliations discussed in this article. 



COMPACT DYNAMICAL FOLIATIONS 



5 



2. HOLONOMY AND COMPACT FOLIATIONS 

In this section we recall the important concept of holonomy and we state some facts about 
compact foliations that will be used during the article. When considering foliations, sets consisting 
of whole leaves appear naturally. 

Definition 8. A set £' C M is called saturated ii x E E ^ C E. The saturation of a set A C M 
is 

sat{A) := UxeaLx 

Throughout this section M is a compact manifold, is a codimension q compact foliation of 
class C'^ on M and C M is a locally compact saturated set. 

Fix a leaf G T . Since the leaves of JF are differentiable, there exist a g-disc bundle : — ^ L 
such that 

Vy e ia;, E)(%j) = (y) is an open g-disc transverse to the leaves of T 
If y e Wl then the map pl\W Ci Ly — ^ L is a local embedding, and thus by continuity if y is 
sufficiently close to x then pL{Wr)Ly) = L. From this one can deduce the following (see Proposition 
7.1 in |Eps76| or Proposition 4.1 in |EMS77| V 

Lemma 2.1. If x E L then for every integer n > 1 there exist an open neighbourhood V of x such 
that if y Cz V then either 

(1) p : V n Ly Lx is more than n-to one, or 

(2) p :V r\ Ly ^ Lx is a k-to one covering for some I < k < n. 

Corollary 2.2 (D.B.A. Epstein). If x € L then for every integer n > 1, for every e > there exist 
an open neighbourhood V of x such that if y € V then either 

(1) vol{Ly) > nvol{Lx), or 

(2) \vol{Ly) — k ■ vol{Lx)\ < e for some 1 < k < n. 
In particular vol\E is lower semicontinuous. 

Consider a continuous loop a : [0, 1] — >■ L^ such that a(0) — x = a(l). If y € L){x) is sufficiently 
close to x, by Lemma 2.1 one can lift a to a path ay in Ly such that ay(0) = y. This procedure 



defines a homeomorphism h : 0{x) C L){x) -> L){x) where 0{x) is an open disc centred at x by 
setting h{y) := Sj,(l). Standard arguments in Foliation Theory (cf. |CCOO| . chap. 2) show that the 
germ [h] of /i at a; only depends on the homotopy class a in t:i{L,j.,x). 

Definition 9. The holonomy group of L^ at x is the group of germs 

Gx {[h] : h : 0{x) C D{x) ^ D{x)} 

For points x E E, the restricted holonomy group Gx\E is defined similarly using the germs of 
the maps h\E. 

For another (equivalent) definition of the holonomy group see |PSW12| . 

It can be shown that changing the basepoint x or changing the transversal D{x) to another 
smooth transversal T{x) both lead to conjugated holonomy groups. For this reason sometimes the 
holonomy group of a leaf is identified with a subgroup of the group of germs at zero of . 

Definition 10. Let x G E. The leaf L^ is said to have finite holonomy (trivial holonomy) in E if 
the corresponding holonomy group Gx\E is finite (trivial). 

If a leaf Lj. has ffiiite holonomy then its local structure is simple. 
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Theorem 2.3 (Reeb's Stability Theorem). Let E be a locally compact saturated set of a foliated 
manifold M. Let x € E such that its leaf L^ is compact and assume that Gx\E is finite. Then there 
exist arbitrarily small relatively open sets U d E such that 

(1) U is saturated. 

(2) For every y Cz U the map p\ : Ly ^ L^ is a covering map with less than equal \Gx\E\ 
number of sheets. In particular for every y (z U the group Gy\E is finite. 

The version given above is due to C. Ehresmann and W. Shih jES56j . Its proof depends on the 
existence of tubular neighbourhoods on the leaf . This result is discussed in the Appendix. 

Local Model - In the setting discussed in Reeb's Stability Theorem, fix one of the sets U and 
let V = D{x) n U. Since U is saturated the group homoniorphism tti(Lx) — > Gx\E that assigns to 
each loop based at x the germ of the corresponding homeorphism can be split as 

TTi{Lx) A HomeOxiV) Gx\E 

where HomeOx(V) is the group of homomorphisms of V that fix x. Denote by L the covering space 
of L corresponding to the subgroup Ker{'ip) and let H — Im{i}j). Then H ~ ■ki{L,x) / Ker{il}) is 
isomorphic to the Deck transformation group of L, and thus acts with the product action on the 
space L X V. This action is free and properly discontinuous, hence the quotient map 

q : L X V L X H V -.^ L X V/ ^ 

is a covering map over the separable (because V is separable), locally compact Hausdorff space 
L Xfj V. Hence by Urysohn's Metrization Theorem the space L x^ V is a, separable metrizable 
space. Even more, if H is equipped with the discrete topology then q: LxV^LxhV is a, 
iJ-bundle. See for example^ jCCOOj . chap. 3 and compare with Theorem 4.3 in |Eps76| . Obse rve 
that there exists partition = {q{L x {v})}vev oi L x^V whose atoms (also denominated leaves) 
are transverse to the fibers of q. These types of constructions are called suspensions and are due 
to A. Haefliger. 

Theorem 2.4 (Local Model). In the hypothesis of Reeb's Stability Theorem each set U is homeo- 
morphic to the set of the form L Xh V by an homeomorphism which sends the leaves of J- to the 
leaves ofH. 

In particular follows that a uniformly compact foliation has a nice structure around each leaf. 
Now consider a locally compact saturated set E. It was first proved by D.B.A Epstein |Eps72| 
that the set of continuity points of vol\E coincides with the points x E with trivial holonomy. 
Since a lower semicontinuous function is continuous on a residual set, and residual subsets of locally 
compact spaces are dense we obtain (compare [EMT77])- 

Corollary 2.5. Let E be a locally compact saturated set in a foliated manifold M . Then the set of 
points X Cz E with trivial holonomy is an open and dense set subset of E. 

Equivalent definitions of uniform compactness. The following three Propositions give a useful 
list of equivalent definitions to uniform compactness. For the proof we refer the reader to |Eps76| . 

Proposition 2.6. Let E be a locally compact saturated and x E. Then Gx\E is finite if and 
only if vol\E is locally bounded at x (meaning that there exist a neighborhood U d E of x such that 
vol\U is bounded). 



'Even though the proof there is stated for differentiable fohations, the arguments adapt easily to our context. 
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Thus the foliation J- is uniformly compact if and only if for every x £ M the the group Gx is 
finite. 

Denote by tt^ : -B — > E / F the canonical quotient map. 

Proposition 2.7. The following properties are equivalent. 

(1) TIE is closed. 

(2) E/T is Hausdorff. 

(3) Every leaf L C L has arbitrarily small saturated neighbourhoods in E. 

(4) For every K <Z E compact, its saturation is compact. 

Proposition 2.8. Assume that for every x € E the group Gx\E is finite. Then EjT is HausdorjJ. 
Conversely, if the set E is a manifold and E/J- is Hausdorff then every leaf in E has finite holonomy 
in E. 

One of the aims of this article is to provide further equivalent conditions for a compact foliation 
to be uniformly compact in the case where the foliation is assumed to be the center foliation of 
a dynamically coherent partially hyperbolic diffeomorphism. In particular we establish that in 
this case uniform compactness is equivalent to the fact that every leaf which is periodic under the 



dynamics has finite holonomy (Theorem A). See also Theorem 6.8 

We conclude this section by stating the following Theorem of D. Montgomery |Mon37| . D.B.A. 
Epstein and K. Millett |Eps76| . 

Theorem 2.9. Let G be a group that acts effectively on a connected manifold N by homeomorphisms 
and such that every point has a finite orbit. Then G is finite. 

Historical Remark: The history of the problem of deciding whether every compact foliation is 
uniformly compact goes back to G. Reeb who gave in his thesis an example of a flow on a non- 
compact manifold whose orbits were all periodic, but the time of return (i.e., the volume of each 
leaf) was not locally bounded. This example led A. Haefliger to ask if in a compact manifold the 
time of return was necessarily bounded, or, equivalently, if there could be an example of a compact 
manifold with a compact foliation having locally unbounded volume. Later D.B.A. Epstein with 
a very intricate argument showed that in a compact three manifold this phenomenon could not 
happen (see |Eps72| ). However in 1976 D. Sullivan gave an example of a compact flow in where 
the time of return was not bounded ( [Sul76| ) , and a similar type of example was given by D.B.A. 
Epstein and E. Vogt in a manifold of dimension 4 ([EV78 ). 



3. Bad Sets. 

We now study more carefully the sets of leaves with infinite holonomy, and for that we will use 
the Epstein filtration of Bad Sets (see |Eps72| ). The definition is as follows. 

Definition 11. Consider a compact foliation on a manifold M. The Epstein filtration of bad 
sets is the family {Ba}a indexed by the ordinals, where Bq = {x & M : \Gx\ = oo} and for a > 



{x e -Bq-1 : Gx\Ba-i ^ {0}} if a is a succesor ordinal. 
^fi<aBfj if a is a limit ordinal. 



Ba 

The sets i?„ are called the bad sets of the foliation 
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For the rest of this section we fix a compact foliation on a compact manifold M with Epstein 
filtration {Ba}a. We collect in the next Proposition some facts about the Epstein filtration (c.f. 
|Eps72| ). Because of the central role that it plays in our arguments, and for convenience of the 
reader, we give the proof. 

Proposition 3.1. The following properties hold. 

(1) Each Ba is a compact saturated set. 

(2) If P < a then Bp D Ba is nowhere dense. 

(3) There exist a successor ordinal a less than the first uncountable ordinal such that Bs~i ^ 
0, Bs ~ 0. We will write Bend Bs-i- 

(4) For every ordinal a, the set B^ \ B^+i is a locally trivial fihration with fibers the leaves of 
F\Ba \ Ba+l. 

In particular the set B^nd is a compact locally trivial fihration with compact fibers. 



Proof. The first and the second part follow directly from Corollary 2.5 (we emphasize that M is 
compact otherwise we could only assert that Be, is closed). 

For the third part, assume for the sake of contradiction that there exist an uncountable ordinal 
such that the corresponding bad set is non-empty. Let fl be the first uncountable ordinal, and 
for each a < fl choose a point Xa S Ba \ Ba+i- The set X = {xa}a<Q. is uncountable, and 
since the manifold M has a countable basis it follows that there exist some ao such that X aQ is an 
accumulation point of X, and moreover each neighbourhood of Xaa has uncountably many points 
of X (see for example |Kel75) chap. 1). There exist countably many ordinals smaller that ag so 
in particular each neighbourhood of Xa^ contains points Xa with a > uq. This is a contradiction 
because the set Bao\Bao+i is open in Bag. Observe that since the intersection of nested non-empty 
compact sets is non-empty, a cannot be a limit ordinal. 

The last part is a consequence of Theorem |2.4[ □ 

On the other hand, the next Lemma shows that B^+i is precisely the obstruction for T\Ba to 
be a locally trivial fihration. Compare Section 1 in |Vog94| . 

Lemma 3.2. Consider a bad set Ba, a point x € Ba+i and define Xa = Ba \ Ba+i U {^i}. Then 
T\Xa is not a locally trivial fihration. 

Proof. Since x G Ba+i its holonomy group Gx\Ba is not trivial. Consider the disc bundle p : W ^ 
Lx as discussed in the previous section, and note that in a fihration the volume is essentially locally 
constant. Hence, it suffices to show the following. 

Claim: In each neighbourhood U C Ba of x there exist points y G C/ n Ba \ Ba+i such that 
p\Ly — > Lx is more than 2 to 1. 



Fix one of such neighbourhoods U and observe by Lemma 2.1 that one can find some neigh- 
bourhood V C U with the property that for all y E V,p : Ly ^ is k to one with fc > 1. Since 
Gx\Ba 7^ {0}, there exists some yo G V such that the projection is A; to 1 with A: > 1. If j/o 3 Ba 



we are done. Otherwise, by Corollary 2.5 arbitrarily close to yo there exist points y € Ba\ Ba+i. 
Observe then that for those points, their leaves have to intersect p^^{x) at least as many times as 
Lyg does, hence p : Ly ^ is also more than 2 to 1 and we finish the proof. □ 

Remark 2. It would be interesting to prove that Xa is never locally compact, or what it is equivalent, 
that X has a neighbourhood U C Ba such that U n Ba+i = L^. That is probably never the case, 
but I do not know any argument to prove it. 
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4. HOLONOMY OF /-PERIODIC LEAVES. 

Let US go back to the study of a partially hyperbolic difleomorphism / : Af — M whose center 
bundle integrates to a compact foliation W"^. As we explained in the previous section, the study 
of the holonomy of the leaves of a compact foliation plays a principal role in their study. Since we 
are studying foliations preserved by a map, it is natural to center our attention to the leaves which 
are periodic under that map. We discuss the holonomy of such type of leaves in this section. 

Given a point x G M and a positive number 7 > we will denote by W^{x) the open disc of 
size 7 inside the leaf W^{x), measured with the intrinsic metric. Similarly for W^{x),W^{x). As 
explained for example in |BW08| . Proposition 2.6, one can use Theorem 6.1 of |HPS77| (items (a) 
and (e)) to show that there exists 7 > such that for each center leaf L both 

W^{L)=[jw^ix) 

w;{L) = y w:;ix) 

are immersed submanifolds tangent to E'^'' , E'^'^ respectively. This is achieved by considering the 
immersion of the disjoint union of all iterates of L into the manifold. In fact, since our foliation is 
compact, we could consider the immersion of the disjoint union of all center leaves into the manifold 
and apply the same result. This also follows by a mild modification of Proposition 3.4 in |BBI04) . 
If L € yV"^ is a leaf, observe that 

w'iL) - y w'{x) = y r'^w^iri). 

xeL n>0 
x€L n>Q 

Note that W^{L) C W'{L), l^^(L) C I^"(i) are open (with the induced topology). 

Standing hypothesis for the rest of the section: / is a dynamically coherent partially 
hyperbolic diffeomorphism with compact center foliation W of codimension q. 

Coordinates on transverse discs - In the definition or partial hyperbolicity the metric used can 
be assumed to make the bundles E^\E^ and mutually orthogonal |Gou07j . From dynamical 
coherence then it follows that we have local product structure: there exist some r > such that if we 
denote by 7?^ = W:^^{W^^{x)) = Wi^{W^^{x)) then d{x,y) < r implies that f] contains 
a center plaque of diameter bigger than equal to r. See section 7 of |IIPS77] . 

In particular if _D is a small q-dimensional transverse disc to centered at x and y € D there 
exist uniquely defined points € (2^)72/1) ^ ^2r(^) such that y = D Ci Hyu n Hys^. The map 
: D ^ W;^{x) X W^{x) given by 

is an open embedding, and thus define a continuous system of coordinates on D (see figure [ij . 

Definition 12. For a point x G M the stable holonomy group of the leaf Lx is the group 
Gx\W''''(x). The unstable holonomy group of the leaf is the group G" :— Gx\W'''^{x). 

Remark 3. Note that coincides with the holonomy group of when considered as part of the 
foliation WlW^ix). Similarly for G^. 




Figure 1. Transverse coordinates in D. 

For a set S let jS*] G N U {00} denote its number of elements. We then have the following useful 
Proposition. 

Proposition 4.1. For every x € M it holds 

max{|G:UG«|}<|G,|<|Gj;||G:|. 
In particular if both are finite, then Gx is finite. 



Proof. Note first that if either G% or G" are infinite then by Proposition 2.6 there exist center leaves 
close to Lx with arbitrarily large volume, so Gx cannot be finite. Assume now that both groups 
Gx , Gx are finite. Observe that the first inequality follows easily by definition of holonomy. For the 



second one, by Theorem 2.7 the leaf Lx has saturated neighbourhoods A C W^^^IL) , B C W^^^iL)- 
Take now a small g-dimensional disc D centered at x transverse to W^, and note that any other 
leaf L' such that L' n 13 is sufficiently close to x satisfies 

sup{d{y,Lx) :y£L'}< r/2 

Hence L' is contained in the neighbourhood of Lx where local product structure is defined. We 
deduce that there exist an open neighbourhood U of L and well defined projections pr„ : U — >■ 
A,prs : U ^ B such that for each center leaf L' C U the sets pru{L'),prs{L') consist of a unique 
leaf. By using the coordinate system on D defined above, we obtain at that Gx is finite and it is 
generated by the elements of the product G'^{L) x G''{L). □ 

Remark 4. We observe that it does not follow that Gx — G% y. G"^. As an example, take M the 
mapping torus of —Id on T'^ and let f : AI M be the map induced hy A x Id : T'^ x [0, f], where 
A is the usual Thom map. One readily verifies that / is partially hyperbolic, and that if L denotes 
the center leaf obtained by projecting {0} x [0, 1] on M it holds 

G(L)«G"(L)«G"(L)«Z2. 



COMPACT DYNAMICAL FOLIATIONS 



11 



Corollary 4.2. Assume that E'^ has codimension one inside both E'^^ and i?™, then. 

(1) The foliation is uniformly compact. Moreover, if both E'^ and its normal bundle E^QE"^ 
are orientable then all center leaves have trivial holonomy. 

(2) There exist a finite covering f of f such that f fibers over a map g : — >■ T'^ which is 
conjugate to a hyperbolic automorphism. 

For the case dimAf = 3 this Theorem was noted in see |BW05j (Proposition 2.12). Uniform 
boundedness also follows (in the case of a by C^''^ foliation) by combining the results of |EMS77j 
and EpsSlp although the arguments are much more sophisticated in the general case. 

Proof. We use the following result of A. Haefliger (Theorem 3.2 in |Hae62) l. 

Theorem. Let J- be a C^'*^ compact codimension one foliation on a (not necessarily compact) 
manifold V that integrates a continuous bundle E. Then the saturation of a compact set is compact. 



By Prop. 2.8 it follows that in this case each leaf of has finite holonomy. Furthermore, since the 
holonomy maps are represented by local homeomorphisms of M, one can show that every holonomy 
group has order at most two, and in fact has order two precisely when it contains an element which 
changes the orientation of M. 

Take x e M and apply Haefliger's Theorem to the fohations WlW'^ix) and W\W"{x) to 



conclude that , G" are finite. Part (1) of the statement follows then by Proposition 4.1 Part (2) 



follows exactly as in Section 2.4 of |B W05| . □ 
5. Holonomy and /-periodic leaves: proof of Theorem A 

We keep the assumption of the previous section: / : M — >■ M is a dynamically coherent partially 
hyperbolic diffeomorphism with compact center foliation W^. We are going to establish that W 
is uniformly compact provided that the holonomy of every /-periodic leaf is finite (recall that by 



Proposition 2.6 a compact foliation if uniformly compact if and only every leaf has finite holonomy), 
and this implies Theorem A. I would like to offer my thanks to R. Ures for his aid in the proof of 
this result. 

To carry this proof we need some preparations. For r > and a manifold N we denote by 
the C distance in Emb^ {N, AI), the set of C embeddings from N to M. 

Definition 13. Let e be a positive number. Two (embedded) submanifolds Ni,N2 of AI are said 
to be C-e-close if there exist a manifold N and two C" embeddings hi : N M, i = 1,2 such that: 

(1) h,iN)^N,,h2iN)^N2. 

(2) da {hi,h2) < e. 

The following Proposition is classical (c.f. Lemma 3.4 in |Man79j and compare Lemma 3.3 in 
[PS72| ). We present the proof of the version which we will use. 

Proposition 5.1. Given e > there exists 5 > such that if Li,L2 are two compact center leaves 
which are C^-6 close, then they are C^-e close. 

Proof. Consider a differentiable bundle N which is almost orthogonal to E'^ and such that TAI ~ 
N (B E'^ (i.e. a differentiable approximation to E'' £'"). For x e M and a smaller than the 
injectivity radius of the exponential denote by Na{x) := expx{{v G T^N : \\v\\ < a}). From 
transversality we deduce the following: 

Claim: There exist a > such that for every x € AI, for every y e W^{x) it holds W^{x) n 

NM) = {y}. 
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Let 6 = min{^,e} and suppose that £1,^2 are two compact center for which there exist em- 
beddings hi : L ^ M, i = 1,2 having image Li,L2 resp. and whose C*^ distance is less than 
S. 

Claim: For every x £ Li the intersection Ns{x) H L2 is a unique point. 

Suppose for the sake of contradiction that there exist two different points yi,2/2 S Na{x) n L2- 
Let I G L such that hi{l) = x. Since the bundles N and E'^ are almost orthogonal it is no loss of 
generality to assume ft.2(0 S Wg{yi). Observe then that since /ii, /12 are injective we have 

m e L,hi{m) e W^{x) ^ h2{m) e W^s{yi). 

Applying the same reasoning to 7/2, we obtain that there exist mp G L such that j/2 = h2{niQ) and 
hi{mo) e Wg{x). Hence, ^.2(^0) € which gives a contradiction by election of S. 

Define k : Li L2 hy k{x) = Ng{x) H L2. Then fc is a codimension zero submersion, hence an 
open embedding. Since Li is compact it follows that k{Li) = L2- Note that for every x G Li there 
exist some vector S T^jA^, ||w|| < 6 such that 

k{x) = exp^(i;j;). 

Since doexp^ — Id, by taking 5 maybe smaller we can guarantee that \\dxk — I\\ < e. The map 
h :— k o hi : L — >■ L2 is an embedding with h{L) = L2, dc^{h,hi) < e, and this concludes the 
proof. □ 

Remark 5. Note that in fact our proof gives that h is isotopic to hi, the isotopy being ht{x) = 

For a leaf L denote (as we did in section ^ hy pi^ : ^ L the s + u disc bundle transverse to 
and by D{x) = p2^{x). Now assume that W is not uniformly compact and consider the set 
Bend discussed in Section [3j We remind the reader that this set is compact, non-empty, /-invariant 
and W^lBf-nd is a locally trivial fibration. Hence, given e > there exist a finite family of leaves 
Li = C Bend, i = I, ■ ■ .m with corresponding disc bundles pi : Ui ^ Li and continuous maps 
0i : Vi :— p~^{xi) n Bend — > Emb^{Li,M) such that for each i we have: 



(i) For every x € Li the radius of Pi ^{x) is smaller than | where 5 is given by Proposition 



5.1 



s 

2 

(ii) The family {4>i{x)}xi^Vi is a trivialization of the fibration Bend H Ui, where (l)i{x) parame- 
terizes the leaf L^. 
Observe then that for x,y &Vi the maps 4>i{x) and (j)i{y) are C^-e-close. 

Recall that r denotes the local product structure of and observe that for every i, for every 
x,y & Vi, the s-dimensional disc bundles (j)i{x)*W^ {L^) and (l)i{yyW^{Ly) are isomorphic. We 
define 

U^L,) := {4^xJ*W:iL,). 

It then follows that for each i there exists a continuous map (^f^ : V — >■ Emh^{U^{Li), M) such that 
if x e y then 4)1" {x) is a parametrization of W^^{Lx), and 

Similarly, we obtain continuous maps 0™ : Vi — Emh^[U'^{Li),M) such that for a: S ^ the map 
(f>i^{x) is a parametrization of W"{Lx). We now fix i and to simplify omit the reference to the 
subscript when is not needed. Observe that ii x,y £ V then the maps 4>''''{x) and (/)™(y) are 
transverse. Hence, the intersection of their images W^{Lx) n W^{Ly) is c-dimensional submanifold 
F of M, which can be parametrized by the C'^-embedding (p : L ^ M given by 
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We conclude that F is in fact a center leaf L^, and by Proposition 5.1 there exists a embedding 
(f : L M such that (p is — e close to both (p^ and (j)y. These facts also follow directly from 
Thorn's Transversality Theorem. We have proved the following. 

Lemma 5.2. Assume that B^nd 7^ 0- Then there exist a finite family of open sets Ui, . . . , Um in 
M such that for every i, for every x,y £ UiCi Send; it holds 

(1) There exists z — z{x,y) for which W^{Lx) H W^{Ly) is equal to the leaf L^. 

(2) Lz isC^-e close to both Lx,Ly. 

Ures' important observation is that the set Bend has global product structure for points in the 
same orbit, as explained in the next Proposition. 

Proposition 5.3. Assume that B^nd 7^ o,nd consider the family of open sets given in the previous 
Lemma. Let y = /"(a;) and assume that x,y £ Ui. Then the point z{x, y) is also in Bend- 
Proof. By dynamical coherence, a small neighbourhood A C W^{Lx) of Lx is mapped homeomor- 
phically by the stable foliation to a neighbourhood A' C W'^{Lz) of Lz. We conclude that G"^ is 
infinite if and only if G" is infinite. Similarly, is infinite if and only if GJ is infinite. As y = f ^{x) 
and /-preserves all foliations >V^,yV'',W™ we have that G^ is isomorphic to G%. By Proposition 



4.1 at least one of the groups G^yG^ is infinite, and thus again using the same Proposition we 
obtain that Gz is infinite. 

Consider the ordinal a such that z G B^ \ Ba+i. We claim that a = end. Assume by the sake 
of contradiction that this is not the case. As L^ C Wg{Lx), we have 

Vfc > 0, f'^Lz C Wl^.if'^L^). 



and since \ 5 < 6, we deduce from Proposition 5.1 that for every fc > the leaves f Lz and f L 



are — e close. Proposition 2.6 now implies that the volume of the leaves of B^nd is uniformly 
bounded from above, hence we conclude 

s := sup{vol{L^) : w E B^nd U {f''Lz}k>o} < 00 

Now we observe the following. 

Lemma 5.4. There exists a > such that for every w e B^ \ B^+i with vol{Lw) < s there exist a 
subdisc E(w) C D(w) of radius bigger than equal to a for which 

sat{E{w)) nBa\ Ba+l 

is trivial as a fibration (recall that by Prop. \3.1\ the set Ba \ Ba+i is a locally trivial fibration). 

This can be seen as follows: 
Proof. If w g Ba then there exists some > such that the holonomy group Gw\Ba is represented 



by a group of homeomorphisms defined in the disc Da^{w). By Corollary 2.2 if w' G sat{Da^(w))C\ 
Ba and vol[Lw' is sufficiently close to vol{Lw), then L^, and L'^ are uniformly close. We conclude 
that there exist c^, > such that for all w' S Dc^{w) n Bq,, vol{Lw>) < s the holonomy group 
Gw'lBa is represented by a a group of homeomorphisms defined in the subdisc E{w') C D{w') of 
radius bigger than equal to From compactness of B^ follows: 

Claim: There exist a > such that if w G Be, voI^Ltu) < s then the holonomy g roup G^ I Ba is 
represented by a a group of homeomorphisms defined in a subdisc of E{w) C D{w) of radius bigger 
than equal a. 

If w G Ba \ Ba+i,vol{L-uj) < s then by the arguments explained in the Appendix, the set 
C/m :— sat{E{w) n Ba \ Ba+i is a trivial fibration. This concludes the proof of the Lemma. □ 
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Since the leaves f'^L^ and f'^L^ are uniformly approaching to each other, we conclude that 
for a high enough iterate one has f'^L^ C sat{E{f^Lz))- Using that both sets Bend and 
are /-invariant, it is not loss of generality to assume that k = and we will do so in order of 
simplifying the notation. Let ip : W := E{z) D B^ \ B^+i Emb^{L, M) be a continuous map 
such that the family {Tp('w)}w^w locally trivializes the fibration sat{E{w)) D Ba \ B^+i, and define 
h:WU{xo} Emb^ (L, M) by 



h{u) 




if u = La; n E{w). 



From continuity of follows that h is continuous, and since n dsat{dE{w)) = we deduce 
that h extends the trivialization oiW^nBaXBa+i to W^r]Ba\Ba+iLl{L^}. This is a contradiction 
in view of Lemma |3.2[ Hence a = end and z £ Bend as we claimed. □ 



Now consider the space X = Bend/yV', it is a compact, Hausdorff (c.f. Theorem 2.71 quotient 
space and thus it is metrizable (c.f. Prop. 17 in |Bou98| V By a harmless use of notation we will 
use the same notation for points of X and leaves. A compatible metric in X is given by 

L,L' e X ^ dx{L,L') = inf{d{x,y) : x e L,y e L'} 

Denote hy g : X —i' X the induced map by /. By Proposition 8.2 in IHPS77j the map g is expansive, 
meaning: 

Definition 14. Let X be a compact metric space. A homeomorphisni g : X X is called 
expansive if there exist c > (the expansivity constant) such that 

1,1' e X,dx{g{l),g{l')) KcineZ^l^l'. 



From Proposition 5.3 and the previous considerations we obtain: 

Corollary 5.5. Assume that X ^ ^. Then there exist Cx > such that for ^ > sufficiently small 
it holds the following: if L,L' £ X, and dx{L,L') < 7 then there exist a center leaf V satisfying 

(1) L" e X. 

(2) L" = Wg^.^{L)nW^^^{L). 

Theorem A is a direct consequence of the following Proposition. 

Proposition 5.6. Let f : M ^ M be a dynamically coherent partially hyperbolic diffeomorphism 
with compact center foliation W. If the Bad set Bq of W is non-empty, then there exist a f- 
periodic leaf contained in Bq . 

Proof. We will show that in this case the set B^nd contains a /-periodic leaf. This will be achieved 
by using R. Bowen's construction of shadowing (Prop. 3.6 in |Bow75j ) to prove that g has a periodic 
point. 

It is enough to show that some power of g has a periodic point, thus it is not loss of generality 
to assume that CxA < 1, where A — ||d/|i?'*||. Let c be the expansivity constant of g and 7 > a 
small number which will be specified later. Since X ^ is compact, there exist n > such that 
dx{L,g"L) < 7. Fix an integer k> and consider the 7-pseudo orbit {Fj}^"^ with 
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Now define recursively as follows. Set Fq := L and assume that we have already determined 

i^o, . . . , Fj for hn < j < {h + l)n, < h < k, with 

• li j <{h + l)n - 1, let F'^^^ := gF^. Observe that 

• Suppose j ^ {h + l)n — 1 and note that in this case F(/i+i)„ — L. By assumption, Fj C 
W^.[Fj), and hence 

dx {L, gF^) < dx {L, g^^V) + dx {g'^L, gF^) 



= 7 ^^(CxA)* + c»'»A"(''+i)^ . 



Assuming that 7 is sufficiently small, we can use Corollary |5.5| to show that the leaf 

is well defined and F^^-^ G X. Note that 

CxdxiL,gF;) < Cxi (E(^^^)' + C3^"A"(''+i) j , 

and hence we conclude the definition by recurrence of F!j^i,rj^i. 
Let D J^lZoi^^^^y ^ observe that for every 1 < j < /cri — 1 we have 

(1) Fj+i e W^aiF,) n l^^^^lffFj) 

Using triangular inequality and the previous equation, one establishes by recurrence that 

yi<3<kn, dx{g'L\Fj)<^^. 

We choose 7 such that the right hand side term is smaller than | . 

The procedure above described constructs for each k leaf L'^ such that for every 1 < j < fcn, 
dx{g-'L',Fj) < |. By compactness of X, we finally find a leaf L" g X which |-shadows the 
bi-infinite sequence {Fj = g^ i.e. 

Wj,dxig'L",F,)<^. 

Finally note that the leaf g^L" also |-shadows the same bi-infinite sequence of leaves, and thus by 
expansivity of g, g^L" = i", i.e. L" is g-periodic. The proof of the Proposition is complete. □ 



Remark 6. With the same arguments one can establish that if Bend 7^ then B^nd has the shadowing 
property. The notation becomes more cumbersome, and since we will not use this fact in this article, 
we have opted to present the proof or the restricted version above. 
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6. Completeness of the Center Foliation 

In this section we discuss the concept of completeness of the center fohation and we relate it 
with uniform compactness (c.f. Definition [6]). We will work with a fixed partially hyperbolic 
diffeomorphism / : M — >■ M whose center bundle integrates to an invariant compact foliation W^. 
For the time being we are not assuming a priori dynamical coherence. Some of the results of this 



section also hold without the assumption of compactness of W'^(namely Propositions 6.1 and 6.2). 

In the case when / is dynamically coherent, for every x G M it follows that ^{Lx) is an open 
submanifold of W'^''{x), and likewise W'^{Lx) is an open submanifold of iy™(a:). Completeness of 
W'^{Lj;) and W^lL^) is the same as metric completeness inside W'^''{x), W'^"{x) respectively. 

Proposition 6.1. Assume that f is a partially hyperbolic diffeomorphism with complete invariant 
center foliation W"^. Then f is dynamically coherent. 

Proof. Given a point x d M consider the submanifold W'^{Lj:). As explained in the beginning of 
Section|4] it is an immersed submanifold of M tangent to i?^*. By hypothesis, for every y £ ^{Lx) 
we have that Ly C W^^Lx), and thus W'^{Ly) C W^i^L^). Conversely, L^nW^iLy) ^ 0, and hence 
WiL^) C W'{Ly). This shows that the family {WiL) : L e W} is a partition of the manifold 
M into submanifolds tangent to the continuous bundle E'^", and thus a foliation. By hypothesis 
its leaves are saturated by the center foliation. Invariance follows from the fact that both W and 
are invariant. Similarly, the bundle E'^" integrates to an invariant foliation whose leaves are 
saturated by the center foliation. □ 

In principle it is not obvious at all that dynamical coherence imply completeness. The next series 
of results characterise when this is the case. 

Proposition 6.2. Let f be a dynamical coherent partially hyperbolic diffeomorphism with (compact) 
center foliation and suppose that ly(Lj^) is complete. Then W''^{Lx) = W'^'^(x). Similarly if 
WiLx) is complete then ^{1^) = 

Proof. It suffices to show that W^{Lx) is closed inside the center stable manifold where it is con- 
tained. Take a sequence {zn)n in W^{Lrc) converging to a point z G W'^''{x). Now consider an open 
set U such that yV^jC/ is homeomorphic to the trivial foliation and let Pj be the plaque through 
z. For n sufhciently large, z„ G U and hence there exist a stable manifold of a point in that 
intersects Pz- Since it was assumed that W'^{Lx) is complete, we conclude that C W'^{Lx), and 
in particular z € W{Lx). Thus M^*(L^) is closed. □ 

Remark 7. In the case of 3-manifolds the previous Proposition was proved in |BW05| . 

We observe that in our setting (compact center foliations) completeness essentially means that 
"leaves do not escape to infinity" . We make precise this idea with the following Lemma (whose 
proof is immediate). 

Lemma 6.3. Suppose that L,L' are compact center leaves with L' C W'^{L), and assume that 
W^{L') is complete. Then L C W^^L'), and in particular for every x G L we have W^{x) H L' 7^ 0. 

We will in fact establish that completeness characterizes completely uniformly compact center 
foliations. We prove now some results concerning completeness oiWlL), W"{L) when L is assumed 
to be /-periodic. 

Proposition 6.4. Suppose that L,L' e W with L' C W^lL), and assume that 
(1) ^{L) is complete. 
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(2) L is periodic under f. 
Then W'{L) = W'{L'). 

for any point x € L we have W^{x) n L' 7^ 0. In particular W^{L') is also complete. 

Proof. We will show that for every x £ L,y £ L' it holds 

W''{x)nL' ^iD,W%y)nL^iD. 

With no loss of generality assume that L is fixed under /, and consider the s + w-disc bundle 
Pl ■ Ul ^ L transverse to W^. 
By hypothesis, 

L' C U W%z) 

and in particular there exists a non-empty subset S C L such that 

W e L' 3 z e S s.t. x' eW'{z). 

For z e M wc denote by rfn'8(j,) the distance measured inside the stable manifold of z. From 
compactness of L' we conclude 

s = sup{dw=(z){z,w) : z e S,w G L'} < 00, 

and hence, there exist some positive integer n such that /"!/' is contained in U. By transversality 
of W, we deduce 

yx€L,y€ f"-L'W'{x) n f"-L' ^ 0, W'{y) n L ^ 0. 
Applying /~" we obtain the statement of the Proposition. □ 

Wc investigate now the relation between the stable holonomy groups for leaves in the same center 
stable manifold. Here is where periodic leaves play a substantial role. 

Proposition 6.5. Suppose that is a periodic center leaf, and W^{Lx) is complete. Then for 
every y e W'^{Lx) we have 

(1) Ly is a finite covering of L^. 

(2) The group Gy is finite. 

Of course, there is a similar statement for Ly c W""{L). We first note the following general 

lemma: 

Lemma 6.6. Suppose that L is a center leaf and denote by W the strong stable manifold of a point 
xgL. If 

sup{wo;(/"(L)) : n > 0} < 00 

then the number of intersections of W with L is bounded. Furthermore, if L is periodic then 
LnW = {x}. 

Proof. Fix a finite foliation atlas A = {Ui}^ of W'^such that each Ui has small diameter. If 
y G L r\W \ {x} then for some positive n we have that /"(y) and /"(x) will be in the same cube 
of A. Now /"(y) belongs to the stable manifold of /"(a;), and since f^{W) is transverse to f"{L), 
we conclude that /"(x) and /"(y) are not contained in the same plaque of f^{L). 
Altogether, this implies that 

vol(f^{L)) > 2m 
where m = inf{i;o^P) : P plaque of the atlas A} > 0. 
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The same argument shows that if there are r points in LnW then for some large enough n one 
has vol{f^{L)) > rm. But vol{f"'{L)) is bounded, so r cannot be arbitrarily big. 



\ 




Figure 2. After enough iterates all points of the intersection are in the same 
foliated cube. 

Assume now that L is periodic, and denote by xq — x, . . . , Xk the points in the intersection of 
L and W. Under iterations this points approach /"(x). But by transversality of W"^, W"*, these 
points are necessarily in different plaques of W^, so all have to coincide. □ 



Proof of \ 6. 5[ Fix y g W^{Lx) and consider x' € L^. By Proposition 6.4 we know that W'^{x'){^Ly ^ 
0: let y' be any point in this intersection. Using the fact that W"* sub-foliates ^{Lx) and the 
previous lemma, we can use the stable leaves to define a projection from a neighborhood of the 
point y' inside Ly to a neighborhood of the point x' inside L^. It is a homeomorphism from one 
neighborhood to the other, which implies that Ly is a covering of Lx- 

We want to show now that G% is finite. To define the stable holonomy group we will use the 
transversal W = ^{x). The elements of are represented by germs of local homeomorphisms 
g : W ^ W . Fix one of these maps, and recall that for y sufficiently close to a;, the point g{y) 
is obtained by taking a closed loop a G L^;, lifting this loop to a loop ay in Ly and defining 
g{y) = Q;y(l). Now since for every y G W the leaf Ly is a finite covering of L^, we can proceed 
analogously and lift a to Ly and define g{y) as before. This procedure clearly defines a continuous 
extension of g to the whole W, with the property that for every point y £ W , the points y and g{y) 
are in the same center leaf. 

Our next claim is that for every y e T/F*(L) the number of points in W H Ly is finite. Suppose 
not: then by compactness of Ly we can find a sequence of points in W D Ly converging to a point 
in Ly ,and in particular the plaques of W have to accumulate near this limit point. But then using 
the holonomy along W we conclude that W L^ is also infinite, a contradiction in view of Lemma 



Consider the group G% : this group acts in the connected manifold W by homeomorphisms (since 
every element can be extended globally) and the orbit of every point in W under this action is 



finite by the previous observation. Then by Theorem 2.9 we conclude that is finite. Now for 
any other y € W^{Lx), the leaf L^ is a covering of L^. This implies that TTi{Ly) injects into t:{Lx), 
and thus we can identify Gy as a subgroup of the finite group GJ. This concludes the proof. □ 



The previous Proposition has a converse. 



COMPACT DYNAMICAL FOLIATIONS 



19 



Proposition 6.7. Suppose that is a f -periodic leaf with finite holonomy. Then W'^{Lx) is 
complete. In particular we conclude that if y ^ W'^{L) then 

(1) W^{L,) = W%Ly). 

(2) Gl is finite. 

Similarly for W^{L). 

Proof. We only need to show that ^{Lx) is complete: the second part is a direct consequence of 
Propositions |6.5| and Proposition |6.4[ 

Take a point y G W^{Lx) then there exists a point x' E L such that x' £ W'^{y). Since is 
finite there exists a foliated neighborhood of L^^ inside W{Lx) (c.f. Theorem |2.3| ). Under positive 
iterations y is will enter this neighborhood, and hence all its center leaf will be contained in ^{Lx). 
Using that W^{Lx) is /-invariant we conclude that Ly C W^{L). □ 

Theorem 6.8. Let f be a dynamically coherent partially hyperbolic diffeomorphism with compact 
center foliation and assume that for every f -periodic center leaf L the manifolds (L), W'^{L) 
are complete. Then is uniformly compact. 

Conversely assume that f has an invariant uniformly compact center foliation W^. Then 

(1) f is dynamically coherent. 

(2) The foliation W is complete. 



Proof. The first part follows by combining Theorem A and Proposition 6.5 For the second part, by 



Proposition 6.2 it suffices to show that W^is complete. As is uniformly compact, by Theorem 



2.7 the space X :— M/W^ is a compact Hausdorff space, and as was explained in Sect, [s] compact 



Hausdorff quotients are metrizable. The compatible metric is given by 



L, L' e X, dx{L, L') = M{d{x, y):xeL,ye L'}. 

Fix a leaf L e W"^, and consider any other leaf L' such that L' n W{L) ^ 0. 

Claim: If e > is sufficiently small then there exists some positive integer X such that 

n>iV^dx(/"(L),r(i') <£• 

For F ^ X and (5 > denote by Bx{F,S) the open ball in X of center F and radius S. By 
compactness of X, there exist leaves Fi,. . . Fk and < (5 < | such that 

X ^utiBxiF^,S) 

By hypothesis there exist x £ L,y Cz L' in the same strong stable manifold. By iterating, we can 
guarantee that there exists N so that for n > N the leaves f"L, f"L' have points whose distance 
apart is less than the Lebesgue number of the covering {Bx{Fi, S)}f^i. Thus 

yn>N, dx{r{L)J"{L'))<26<e. 

Apply parts (c) and (e) of Theorem 6.1 in jHPS77j with V = UpewF^i : V ^ M the natural 
inclusion, and e > sufficiently small so that the exponential restricted to the e-neighbourhood of 
the zero section M C TM to conclude that /"(L') C PF|,(/"(L)), and thus L' C WiL). □ 

The previous result was proved in jCarlOj . The fact that uniform compactness imply dynamical 
coherence has also been obtained using different methods by C. Pugh |Pugll| and C. Bonatti-D. 
Bohnet |BB12| . 
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As far as the author knows, completeness in the context of PartiaUy Hyperbolic Dynamics was 
first discussed in |BW05| where the case of transitive partially hyperbolic diffeomorphisms in 3- 
manifolds is studied. There the authors also asked whether for a dynamically coherent partially 
hyperbolic diffeomorphism the center stable and center unstable manifolds of periodic center leaves 
were complete. When the center foliation is compact the previous Theorem completely characterizes 
the answer. Furthermore, one obtains the following consequence. 

Corollary 6.9. Assume that f is a dynamically coherent partially hyperbolic diffeomorphism with 
compact center foliation and such that for every periodic center leaf L the submanifolds W'^{L) 
and W"{L) are complete. Then the same is true for every center leaf (i.e. the center foliation is 
complete). 

Proof. The hypothesis imply, by the first part of the previous Theorem, that VV"^ is uniformly 
compact. By the second part of the same Theorem, the foliation is complete. □ 

7. The one dimensional case: proof of Theorem C 

We assume here that / : A/ — >■ M is a dynamically coherent partially hyperbolic diffeomorphism 
whose center bundle E'^ integrates to a foliation of circles. We observe that in this case for any 
point X G M, the foliations yV*|VF^^(a;) and yV"|VF™(a;) are codimension one foliations. These 
type of foliation have many nice properties (c.f. Part 2 in |CCOO| ). which in turn will allow us to 
give a much more precise description than in the general case. In particular, these are foliations 
[HPTf)] : 

Proposition 7.1 (Hirsch-Pugh). For every x £ M the foliations W^\W'^'^{x) and yV"|T4^™(a;) are 
of class C^. 

Next we discuss a classical result of differentiable codimension one foliations due to A. Haefliger. 
The modifications needed for the case are discussed in jFra68j . Lemma 5.1. 

Theorem 7.2. Let J- be aC^ codimension one foliation and assume that there exist a homotopically 
trivial closed transversal. Then there exists a leaf of J- with non-trivial holonomy. 

Since the leaves of and W" are simply connected, we deduce. 

Corollary 7.3. If L £ W then L is non-homotopically trivial inside both L'^'',_L™. 

We fix a; e Af such that is /-periodic and set N :— W'^'^{x),W := W'^{x). Denote by 
p : {N,x) — {N,x) the universal covering of N, and lift / and the foliations W^,W^ to N. The 
corresponding lifts will be denoted by a tilde on top of the corresponding letter (for example, / 
denotes the lift of /). 

Lemma 7.4. The foliations are f -invariant. Moreover, 

(1) W is a foliation by s-dimensional Euclidean spaces, whose leaves are uniformly contracted 
by the map f (in fact, with rate X). 

(2) is foliation by lines, uniformly transverse to W^. 

(3) There exists foliation atlases for W ^W'^ whose elements have .size uniformly bounded from 
below. 



Proof. Invariance and the first statement follow by lifting the corr espo nding bundles to N. The 
fact that W"^ is foliation by lines is a consequence of from Corollary 7.3 
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For the last statement, consider a finite covering of M by center stable foliation boxes and 
observe that for every U € U the connected components oi N fMJ are simply connected and 
approximately of the same size. Since p : N ^ N is a local isometry which is injective over simply 
connected sets, we conclude that there exists m > and a covering V of iV such that if V G V then 

(1) diam{V) > m 

(2) p -.V ^ p{^) is one to one. 

From here follows the last claim. □ 

Observe also that both foliations and are tangentially orientable (as any foliation on a 
simply connected space). In particular, for y,! G N with 

• y < z (in the induced order) , 
we will denote by [y, z] the oriented segment (with respect to the global order) inside the leaf Ly. 

Lemma 7.5. For any j7, z G N, the center leaf Ly intersects the stable leaf W^lz) in one point at 
most. 

Proof. Suppose for the sake of contradiction that there exist two points y, y' £ Ly n (z) , and 
assume that they are successive intersections. By the previous Lemma, after iterating we can 
assume that both y and y' lie inside the same foliation box. It is now easy to modify Ly to obtain 



a closed transversal to the stable foliation W*. But then Haefligers Theorem 7.2 implies that 
has a leaf with non-trivial holonomy, a contradiction with the fact that each stable leaf is simply 
connected. □ 

Let S :~ yj~^jW^{y), and consider the deck transformation (j) which generates the lift p\ : 
{L^,x) — ^ {Lx,x). The map (p preserves the foliation (c.f. Corollary 1.3 in |Fra68j ) but in 
principle it is not clear that preserves W^, and this makes the following arguments somewhat more 
involved. 

To simplify, assume that L^ is fixed under /. Since the only deck transformation of N that fixes 
is we conclude that / and commute. Observe that for any y (z L^ the set [y, (j){'y)] is a 
fundamental domain for the lift p\L^. 

For fc e Z denote by Xk = <j)''{x) and Wk = Wixk). 

Proposition 7.6. For any y £ S we have 

LyC^S = Ufe(=z[afe, flfc+i] 

where Ok — Ly D Wk,. 

Proof. Let 77 > and denote by Hq C W the s-dimensional disc centered in x of radius 77 > 0. For 
k G Z set Hk :— (/)'^(i?o)j the s-dimensional disc centered in Xk of radius rj. 

Claim 1: If 77 > is sufficiently small then for every fc G Z, for every y e Hk the center leaf Ly 
intersects Hk+i- 

To see this, observe that by continuous dependence of on compact sets, if rj is sufficiently 
small then for every y g Hq the center leaf Ly intersects Wi. Let y' be the point of intersection 



(observe that by Lemma 7.5 the point y' is unique). 

Fix y e Hq. Using that and W'* are uniformly transverse, we conclude that for every 
z G [a;, ipix)] the intersection Ly H W'^ij) is non empty. This permits to define a continuous map 
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h : [Jo, Si] — >■ W^{y) using the stable holonomy. Since y and y' are in the image we conclude that 
the whole segment [y, y'] C Ly is in the image, and by Haefliger's Theorem this segment is the 
unique subset of Ly projecting on [x, (f>ix)] (this is the crucial part). 

Using that [a;fc,a;fe+i] is a fundamental domain for p\Lx we obtain that the same statement holds 
independently of k. 

Claim 2: Each leaf of separates N into two connected components. 



By Lemma 7.5 the foliation is proper. Since each of its leaves is simply connected, the second 
claim follows by the results contained in Section 3 of [Hae62| . 

Now given y G S and M > 0, and since / contracts we deduce using the previous two claims 
that there exists n > 0,zm G H^m H f"-{Ly),WM & Hm n f^^{Ly) such that 

r{y) C [Im,wm] 

and the interval projects homeomorphically onto [x-m,xm] by stable holonomy. Since M is arbi- 
trary and the map / preserves both foliations, the Proposition follows. □ 

Corollary 7.7 (Theorem C). Suppose that for every periodic leaf L the fundamental group of 
l^cs j^cu cyclic. Then is uniformly compact. 

Proof. Take a /-periodic leaf L. Using the notation of the previous Proposition we see that the 
only deck transformation of N is the map 0. By the structure of N given above, we conclude that 
A'' is saturated by the center foliation, hence N is complete. Similarly the center unstable leaf that 
contains L is complete. By Theorem |6.8[ VV"^ is uniformly compact. □ 



Remark 8. Observe that the hypothesis in Theorem C are necessary. For, if VV"^ is uniformly 



compact and L is /-periodic, by completeness (Theorem 6.8) both L^^,L™ retract onto L 



If the dimension of M < 5, A. Gogolev proved that the hypothesis of Theorem C are unnecessary 
and for a (dynamically coherent) partially hyperbolic diffeomorphisms / : M — > M with compact 
center foliation, the later is always uniformly compact. In particular there are no Sullivan-type 
examples in the partially hyperbolic context. See |Gogll| . 

Now assume that VV^is uniformly compact and fix a /-periodic leaf L^. The arguments given in 
this section allow us to define T : N ^ x W hy 

T{y) = (L^C^w'-{y),Lv^W). 

Proposition 7.8. The map T : N x W is an homeomorphism which sends to the 

horizontal foliation {L^ x and to the vertical foliation {{y} x W}~^j^_ . 

Proof. To prove that T is injective, it suffices to show that \i y £ L and we lift W^{y) to W^ly) 
with y G then p\ : W'^{y) — ^ ^{y) is one to one. 



Note that since N is complete. Lemma 6.6 implies that the leaf ^^{y) is closed inside N. 



Consider a embedding ip -.W ^ N with image W^{y), and lift this map to 

N 
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where Im{^p) C W^^(y). The map is clearly one to one, and by Invariance of the Domain its 
image is open in ~ M''. From the fact that W^{y) is closed we easily verify that Im{ip) is 

also closed, and hence Im{ip) ~ W^{y). Thus = tp o (^)^^l^yi(y) is one to one. The rest is 

clear. 

□ 

Remark 9. It is known in general that if X is an n + 1 open manifold foliated by oo foliation whose 
leaves are homeomorphic to M", then its universal covering is homeomorphic to |Pal78| . We 

present the proof of the previous Proposition since the arguments are much less involved and we 
get an improvement in the assumption of the regularity of the foliation. 



8. The Lyapunov Stable case: proof of Theorem D 

In this section we prove Theorem D. It is a direct consequence of Theorem A and the following 
Proposition. 

Proposition 8.1. Let f : M ^ M be Lyapunov stable partially hyperbolic diffeomorphism whose 
center foliation is compact and invariant. Then for every f -periodic leaf L^ the group G% is 
finite. 

Proof. Consider a /-periodic leaf L^ and with no loss of generality assume that it is fixed. Since 
the fundamental group of Lx is finitely generated, given s > there exist finitely many homotopy 
classes [a] S 7ri(L) with representatives whose length is less than equal s. We define the length of 
the loop [a] as 

Zen([Q:]) — \iii{len{f3) : = [a],/? rectifiable loop } 

Now set W :— ^{x) and fix [a] G t^i{L) where a is a loop at x. The holonomy representation 
of [a] is given by a local homeomorphism g : W ^ W. We claim that we can extend g continuously 
to the whole transversal W. 

Let 5 > be the number given in the definition of Lyapunov stability which corresponds to e = 1 
and consider fc > such that len{a) < kS. Hence for every rt > we have len{f'^a) < k. Since L^ 
is compact, there exists rj > such that for every y € L^ the holonomy maps at y corresponding to 



loops of length smaller than equal to k are defined in a disc of size at least rj (compare Lemma 5.4 1. 
Observe then that it is easy to see that we can extend the domain of g to a disc of size A~^?7, being 
A = ||(i/|£'''||. To extend g to the disc Dx-^r){x) we iterate by /, apply the holonomy corresponding 
to /*([q;]) in the disc D^^fx) and pre- iterate back by /. Clearly this defines a continuous extension 
of g to D{x,\-'^ri). The same argument shows that we can extend g to the whole W . Thus the 
holonomy group is represented by a group Hw of global homeomorphisms of the connected 
manifold W . 

Now we observe that the Hw-orhii of every y & W is finite. Assume by contradiction that 
there exist infinitely many points in {yi)i m. Ly r\ W and take a A covering of Lx by foliation 
boxes from VV^. Let e > be much smaller than the sizes of the plaques of A and consider p the 
number associated to e given in the the definition of Lyapunov stability. Since Ly is compact there 
exists some accumulation point of {yi)i, and in particular there exist yi,yj € Ly n W satisfying 
d{yi,yj) < p. Join these points by a curve /3 and observe that under iterations these points 
approach Lx. But for a high enough iterate the points f"{yi), f"{yj) are in different plaques of 
f"'Ly, although its distance is less than e. This is a contradiction by the election of e. 



We finally apply Theorem 2.9 to conclude that Hy/ is finite, and thus G% is finite. □ 
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Lyapunov stability is satisfied for example when there exist some constant C > such that 

Vn > 0, ^ < midriE-) < \\dnE^\\ < C. 

Definition 15. A partially hyperbolic diffeomorphism / is called center isometric if for every 
X e M, for every v £ E!^ 

\\d.fiv)\\ = \\v\\. 

In this case / is dynamically coherent |Bri03| . From the previous observation and Theorem D 
we deduce. 

Tiieorem 8.2. Let J : M ^ M he a center isometric partially hyperbolic diffeomorphism whose 
center foliation is compact. Then is uniformly compact. 

9. Concluding Remarks 

The fact of the center foliation of a partially hyperbolic diffeomorphism being uniformly compact 
has implications both on the geometry of the foliation and on the dynamics of the corresponding 
map. We give here a brief discussion of some of these consequences. 

A dynamically coherent partially hyperbolic diffeomorphism is / is said to be plaque expansive 
if there exist e > such that if {a;„}„gz, {yn\n& are two pseudo-orbits subordinated to the center 
foliatiorj^ satisfying for every n £ Z 

d{xn,yn) < e 

then xq € W'^{yo). As explained in |HPS77| . the fact that / is plaque expansive implies that 
the pair (/, W^) is stable in the following sense: there exist a C^'^-neighbourhood U of f such that 
if .g G [/ then 

(1) g is partially hyperbolic and plaque expansive. 

(2) There exists an homeomorphism h : M ^ M close to the identity such that h*{Wj) — Wg 

In the case when W"^ is uniformly compact it is not too hard to prove that / is plaque expansive. 
This is achieved by applying Reeb's Stability Theorem as in the proof of Theorem 6.8 1. See 
Proposition 13 in jPSW12) for the complete argument, or Section 6 in jBB12j for a different proo:Q 
Hence: 

Tlieorem 9.1. IfW^ is uniformly compact then (/, W*^) is stable. 

In fact the pairs {f^W"), (/,W™) are also stable. See Section 4 in |CarlO| . 

Definition 16. A foliation on a manifold M is said to be of uniform type if all leaves of 7^ have 
homeomorphic universal covers. 

For example if {4>t)t is a flow on M without singularities, then the foliation induced by the orbits 
of ((/>t)t is of uniform type. More generally, if G is a Lie group acting on M and the action is 
effective and locally free then the orbit-foliation is of uniform type. 

Proposition 9.2. Let f : M M be a partially hyperbolic diffeomorphism with uniformly compact 
center foliation and L G VV"^. Then the foliations W^lW^^L) andW^lW^^L) are of uniform type. 



"^That is x„+i S for every n £ Z (and likewise for {j/njnez) 

of [Berl 



^P. Berger pointed me out that this result also follows from a modification of his results obtained in Appendix C 
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Proof. This follows from the proof of Theorem 6.8 if V £ W'^{L), then by some positive iterate 



n both leaves f^{L) and f"{L') are in the same Reeb neighborhood, where by the discussion of 
Section 2 all leaves have the same universal covering. Apply to obtain the claim. Similarly for 

L' e wiL). ' □ 

Corollary 9.3. Let f : M ^ M be a partially hyperbolic dijjeomorphism with uniformly compact 
center foliation W^and assume either that 

(1) / is centrally transitive, meaning that there exists a center leaf L whose orbit is dense, or 

(2) / is accessible, meaning that given x,y £ M there exists a piecewise curve c : [0, 1] — > M 
whose tangent is always contained in or E"^ and such that c(0) — x,c{l) = y. 

Then W"^ is of uniform type. 
The proof is clear. 

To conclude, we consider a partially hyperbolic diffeomorphism f : M ^ M with uniformly 
compact center foliation H"^, and denote \sy X = M/W and g : X ^ X the map induced by /. 
It is proven in |BB12j (Theorem 2) that g has the pseudo-orbit tracing property., meaning that any 
sufficiently small g-pseudo-orbit can be shadowed by a true orbit, although the orbit may not be 



unique (c.f. the example after Proposition 4.1). An improvement of this result can be obtained in 
the following case: 

Theorem 9.4. Assume furthermore that E^ is one dimensional and that the center foliation is 
without holonomy. Then X is a c-dimensional torus and g is conjugate to a linear Anosov diffeo- 
morphism. 

This Theorem was obtained by A. Gogolev |Gogll| and C. Bonatti-D. Bohnet |BB11| . The 
later two authors also announced the possibility of removing the condition of trivial holonomy after 
passing to a finite covering of the manifold. 
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Appendix: Reeb's Stability Theorem 

Let F he a. C^'^ codimension q foliation on a manifold Af, and E a locally compact saturated 
set of M . We use the notation explained in Section 2, and in particular for a leaf we denote 
by Px ■ Wx Lx the differentiable bundle of g-open discs D{y) = p^^{y). Here we discuss the 
following result. 

Theorem 9.5 (Reeb's Stability Theorem). Assume that x G E is such that its leaf Lx is compact 
and Gx\E is finite. Then there exist arbitrarily small relatively open sets U <Z E such that 
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(1) U is saturated, and if V :~ U D D{x) there exist a finite covering L of such that U is 
homeomorphic to a suspension L Xq^^^ V by an homeomorphism which sends J-\U to the 

horizontal foliation {L^ x {'y}}i,gv'. 

(2) For every y € U the map p\ : Ly is a covering map with less than equal \Gx\E\ 
number of sheets. In particular for every y the group Gy\E is finite. 

The version given above follows from the general version due to C. Ehresmann and W. Sliih 
[ES56'. Nonetheless, for the context discussed in this article (and probably for general normally 
hyperbolic foliations [HPS77j ) the restricted case is enough. We will sketch the proof of the result 
since its derivation from Ehresmann-Shih article is not very direct. The arguments are an adaptation 
of Proposition 2.8 in |Vog94| . We stress here that the proof depends on the existence of a tubular 
neighbourhoods on the leaf L^. 

Lemma 9.6 (Prop 4.1, III in |EMS77] ). In the hypothesis above there exist arbitrarily small neigh- 
bourhoods V C where the holonomy group is represented by a group Hy of homeomorphisms of 
V. 

Proof. Consider a finite family of local homeomorphism {hi : Vi C D{x) — >■ D{x)} whose germs 
represent the holonomy group Gx\E. For each pair on indices i, j let k = k{i,j) be the unique index 
such that germx{hk) = germxihj) o gerrUxihi). Since we are only interested in the germs, it is not 
loss of generality to assume that 

Vi, J, h, o h,\{v, n hlv, n Vk) = hkHv, n hlv, n Vk). 

Set V := r\i,jVi n hjVj and gi := hi and observe that the group Hy — {gi} is isomorphic to Gx\E. 

Now for V sufficiently small, its saturation U = sat(V) n i? in E' is contained in W, and by 
continuity of the foliation one deduces that U can be taken arbitrarily small. □ 

Reeb 's Stability Theorem. Fix V as in the previous Lemma and set U :— sat(V) D E. As explained 
in Section 2, the holonomy representation splits as 

TTiiLx) —5- Hy C HomeOxiV) — Gx\E. 

and if we denote by p : (L, x) — > (Lj., x) the covering corresponding to ker (/>, then Hy is isomorphic 
to its deck transformation group. For a G Tri{Lx) let ga € Hy the holonomy map that it determines, 
and for [a] € 7ri(L, x) / Ker{ip) — Hy] let Tjq,] be the covering transformation of L that it represents. 
The group Hy acts on the space X by: 

[a] e TTi{L,x)/Ker{^) = Hy ,1 e L,v e V ^ [a] ■ {l,v) = (T[;i(Z),5„(w)). 

The action is well defined since if [a] = [13] e Hy then e Keriip) and hence ga{v) — gp{v). 

Now if {I, u) G X we take a path ai : [0, 1] — > L such that a;(0) = a;, a;(l). Then p{oLi) is a path in 
L and we lift this path using p to a path /3; ^ in Ly with starting point v. 

Claim: If aj is any other path in L joining x and I, and we denote by /3; ^ the corresponding 
path in obtained by the previous procedure, then /?; ,j(l) — I3[ ,^{\). 

This follows since a[a~^ is a loop at x, hence p(Q;Ja~^) € ker0. 

We now define the map fc : X — > J7 by k{l,v) = /3i^^(l). Using that L is a nice space (in 
particular locally simply connected) one verifies that k is continuous, and with not too much effort 
one can show that k is surjective. Observe that for y, z G Lx the holonomy transport between 
D{y) and D{z) is an open map (this follows since E is locally compact), and this implies that k is 
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open. Finally note that k is constant precisely on orbits of the action of Hy, hence it induces an 
homeomorphism K : L Xhv ^ ^ U. The rest of the claims follows from this. □ 
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